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1. Introduction
The specialized functions of mathematical physics have experienced notable
advancement in recent years, particularly in their generalized and multi variable


https://orcid.org/0000-0003-0389-7899
https://orcid.org/0009-0006-5923-6212

110 South FEast Asian J. of Mathematics and Mathematical Sciences

forms. Specifically, the introduction of special polynomials in two variables has
offered fresh analytical approaches for resolving extensive arrays of partial differ-
ential equations frequently encountered in physical contexts. The genesis of many
of these specialized functions and their extensions can be attributed to the chal-
lenges posed by various physical phenomena. Throughout this paper, the symbol
C,R and Z denote the sets of complex numbers, real numbers, and integers, re-
spectively.

The Bernoulli polynomials {B,,(p)}n>0, originally introduced by Bernoulli, J. [3],
and the Euler polynomials {&,(p)}n>0, introduced by Euler, L. [9], rank among
the most vital families of special polynomials, with wide applications in mathe-
matical analysis and number theory. These are typically introduced through their
generating functions:

S B (<27, (1.1)

and

2 S as (<), (12)

In particular, for p = 0, the quantities B,, = B,(0) and &, = &,(0) are called the
Bernoulli numbers and Euler numbers, respectively. These polynomials and num-
bers play significant roles in various branches of mathematics, including number
theory, combinatorics, numerical analysis, and the theory of special functions.

A natural and important generalization of the Bernoulli polynomials was in-
troduced by Apostol, T. M. [1], leading to so-called Apostol-Bernoulli polynomials
{B,.(p, T)}n>0 defined by the generating functions

tert >

et—lz

n
n!

B.(p, T)Z (|t + In7| < 27,7 € C\ {0}). (1.3)

Similarly, the Apostol-Euler polynomials {&,(p, 7)}n>0 , introduced by Srivastava,
H. M. [1], are generated by:

TL

2eft >
=2 &l (t+int<mTeC\{0)). (1.4)

n=0

These extensions reduce to the classical Bernoulli and Euler polynomials when
7 = 1 and have been widely studies due to their rich analytic and combinatorial
properties (see, [12])
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Luo, Q. M. and Srivastava, H. M. [11], introduced the generalized Apostol-
Bernoulli polynomials B (p,7) of order kK € C. Luo, Q. M. [13], proposed the
generalized Apostol-Euler polynomials gl (p,7) of order k € C. These polynomials
are defined as follows, respectively.

Definition 1.1. For 7 € C\ {0}, the generalized Apostol-Bernoulli polynomials
B (p,T) of order k are commonly defined using the following generating function:

(-

) Z B( o ([t + InT| < 2m; 17 == 1), (1.5)
with
B{P(0,7) = B{(7).

Which is known as Apostol-Bernoulli numbers B (1) of order k. The gen-

eralized Apostol-Euler polynomials gl (p,7) of order k defined by the following
generating function:

2 K oo ; tn i
(TetH) =Y Ep )=, (t+inr| <m1ti=1)  (16)
n=0 :

with
579{)(0’ T) = géﬁ)(T)v

which is known as Apostol-Euler numbers of order k.
In addition to these families Hermite polynomial {#,(p)}n>0 constitute another
important class of special polynomials. They are defined by the generating function

[18]:
2=t Z Ho( (1.7)

A natural generalization was 1ntr0duced by Appell, P. and Kampe de Feriet, J. [2],
through the following generating function :

: t
ePttot? Z?—[n<p7 o')m (]_8)
n=0 ’

In (2012), Pathan, M. A. [15] introduced the generalized Hermite-Bernoulli poly-
nomials HBSQ) (p, o) of order k, using following generating function:

t 2
(ﬁ) pitat ZHB ', (|t + InT| < 2m; 1% := 1), (1.9)



112 South FEast Asian J. of Mathematics and Mathematical Sciences

it is a generalization of well-known result of Dattoli, G., Lorenzutta, S. and Ce-
sarano, C. ([8], p.386 (1.6)).

" pt*“tQ ZHB p.o) . (1.10)

Also in (2014), Pathan, M. A. and Khan, W. A. [17] introduced the generalized

Hermite-Euler polynomials H&(f) (p; o) of order k which are given by the following
generating function:

2 o2 )
(et_l_l) pttot ZHS( (p,o !, (|t + InT| < w17 :=1). (1.11)

In (2021), Belbachir, H., Djemmada, Y. and Hadj-Brahim, S. [6], introduced the
unified Bernoulli-Euler polynomials of Apostol type as determined by the power
series for 7 € R and £ € Ry — {1}:

lﬂ] ZB P, g (1.12)

Tet + (

where

ln(%_g—i—t) < 2m, for 0<¢<1

ln(g%l + t) <, otherwise.

Motivated by their significance and applicability in various domains such as
number theory, combinatorics, classical and numerical analysis, and physics, nu-
merous categories of generalized Bernoulli-Euler numbers and polynomials, along
with generalized Hermite-Bernoulli and Hermite-Euler polynomials, Bell based Eu-
ler polynomials have recently garnered attention from multiple researchers (see,
[14]). We introduce in this paper, a new class of generalized Hermite based uni-
fied Apostol-Bernoulli-Euler polynomials gf3,(p, o, 7,£). The aim of this study is
to provide a comprehensive overview of these families in a unified and generalized
manner. We establish fundamental properties and derive implicit summation for-
mulas for the Hermite based unified Apostol-Bernoulli-Euler polynomials utilizing
various analytical techniques applied to their respective generating functions.

2. Hermite based unified Apostol-Bernoulli-Euler polynomials
In this section, we introduce the Hermite based unified Apostol-Bernoulli-Euler
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polynomials and compile a table that signifies the relation of these polynomials with
certain other interesting polynomials. Furthermore, we established determinantal
representation of these polynomials.

Definition 2.1. Let 7 € R* and £ € Ry — {1}, the following power series defines
the Hermite based unified Apostol-Bernoulli-Euler polynomials Hﬁn(p, o,7,&):

[2—5+%§t

m} ptm Zﬂﬂn (0,0, 7, €> (2.1)

ln(—+t) < 2m, for 0<¢<1

In (5%1 + t) <, otherwise.
Parameters | Generating functions Polynomials
Hermit-
E=2,7=1 ett—_le'”t*"t2 =3 o ubBalp, o) Bernoulli  poly-
nomials
n Hermite-Euler
07— 2 _pttot? _ Noo o
{=07=1 +1€ > neo HER (P, U)n! polynomials
- - Bernoulli poly-
§ U__ (Q)’T N =2nzo Balp ) [t <27 nomials
£ = 07 =] e = N 80 flam | e pobmomE
1,0 =0
Apostol Hermit-
£E=2 — 1ept+"t2 =3 o ubBulp,0,7)5 Bernoulli  poly-
nomials
Apostol
£=0 763“(2””‘”2 =3 oubulp,o,7)5 Hermite-Euler
polynomials
Apostol-
=2,0= ce , t+int| < 27 | Bernoulli poly-
2 0 et =3  Bu(p, T [ 27 | B 11i 1
nomials
n Apostol-Euler
= = 2 ot = o0 L3l
£=0,0=0 i€ Ym0 Enl(py T) oy [t +inT| <7 bolynomials




114 South FEast Asian J. of Mathematics and Mathematical Sciences

We now list particular cases obtained by assigning specific values to the param-
eters in (2.1).

Determinant representations provide an elegant matrix-based framework for
Bernoulli, Euler and Genocchi polynomials, facilitating derivation of their key
properties. This approach, initiated by Costabile, F. A. and Longo, E. [7] for
Appell polynomials, was extended Euler-Genocchi and Bernoulli-Euler variants by
Belbachir, H., Hadj-Brahim, S. and Rachidi, M. [4, 5], yielding explicit formulas
and combinatorial identities. In this section, we introduce the determinantal rep-
resentation of Hermite-based unified Apostol-Bernoulli-Euler polynomials, which
generalize some results of Belbachir, H., Djemmada, Y. and Hadj-Brahim, S. [6].

The following power series yield the Hermite-Bernoulli polynomials of Apostol
type and the Hermite-Euler polynomials of Apostol type.

Tt— Pttt — ZHB 0,0, T) (|t + InT| < 2w, 7 € RY), (2.2)
2 pt+ot? " *
e ZOHS p, T, T)n— (|t +Int| < 7,7 € RY) (2.3)
suppose ' )
D(p,0,7,t) = Tett— 16Pt+at2 7'et——|—1€pt+at2
D(p,o,7,t) = —Tzeit_ 1 ottt

considering the expressions on the right-hand side of equations (2.2) and (2.3), a
straightforward calculation yields

™D(p+1,0,7,t) — D(p,0,7,t)

= Z Z (k) [TzHBn—k<lo + ]-7 g, T)Hgk(p + ]-7 g, T) - HBn—k(p7 g, T)Hgk(p7 a, T)]E
n=0 k=0 ’
(2.4)
On the other hand, we have
™D(p+1,0,7,t) — D(p,0,7,t)
2t 2 2t 2
_ 2 2p+1)t+20t 2pt+20t
—TTQth—le(p ) _72€2t—16p
o tn
D(p+1,0,7,t) — D(p,0,7,1) =2 Z nH,—1(2p, 20)—'. (2.5)
n!

n=1
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By comparing the two equations (2.4) and (2.5), we formulate the next result.

Theorem 2.1. Let p, o are real numbers (p,o € R), and n an integer (n € 7).
Then

n+1
Hn(pa 0) = an,k X nn—&-l—k,k(p’ o, T)7 (26)
k=0
where
B 1 n+1 _|\tuBn(p+1,0,7) w&k(p,0,7)
Wnk = 2”—’““—(71—1—1)< I > and Nk (p,0,7) = uBn(p,0,7) Taék(p+ 1,0,7)|

Specifically, if we choose 7 = 1 in equation (2.6), we obtain the following result in
terms of Hermite-Bernoulli and the Hermite-Euler polynomials.

Corollary 2.7. Let p, o be real numbers and n>0, we have

n+1

Ha(p,0) = n Jlr 1 > 2n_1k+1 (n;; 1)

k=0

HBn—(k:—l)<:0+ ]-70-) Hglc(pa J)
HBn*(kfl) (pa 0‘) Hgk(p +1, J)

(2.7)
Corollary 2.2. Foro =0, (2.6) reduces to the well-known result of Belbachir, H.,
Djemmada, Y. and Hadj-Brahim, S. (see [6], p.2(3)):

n+1
Pn = an,k X 77n+1—k,k<)07 T)
k=0
n+1
- 1 Z <n + 1) B—g—1(p+1,7) Er(p,T) .
2n+1 (n + 1) 0 k an(kfl) (p, 7') gk(ﬂ + 1, 7')

3. Some Explicit Formulas

In this section, we present multiple explicit representations for the Hermit-
based unified Apostol-Bernoulli-Euler polynomials. These formulas provide a direct
means of computing the polynomials without relaying solely on recursive relations
or generating function. Furthermore, these explicit results serve as the foundation
for exploring further identities and analytical properties within the broader frame-
work of hybrid polynomial sets.

Theorem 3.1. Let n >0 and £ # 1, we have

1Bn(p,0,7,6) = a i 5 Kl - g) &n (p, o, 1TT§) N gHBn (p, o, 67—1)(}3"1)
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Proof. Using the generating function (2.1), we have

0o tn f‘i‘ ft o2
S

ept+at2 + 5 [ t

26-1) |5 -1

_ N § T § T "
L

Theorem (3.1), is obtained by equating the coefficients of ¢" on both sides.

Corollary 3.1. For o =0, (3.1) reduces to a result of Belbachir, H., Djemmada,
Y. and Hadj-Brahim, S. [6].

(O A ) ™

Theorem 3.2. For 7 € RY and { # 1, it holds that

Hﬁn(p7a, 7,5) = ﬁ [(2 — f) vEn (p, o, 1#—6) 25 En1 (p, o, ﬁ)} .

2-¢

ept+ot2

(3.3)
Proof. Using the generating function (2.1), we get
0o tn B 2 — 5 =+ %ﬁt ptot
;Hﬁn(mamf)a = [m e
2—¢ [ 2 o ¢t 2 )
— . ep +ot + - ept+0't
20—£)j§+1 4(1=¢) ;¥+1
1 T f 15"+1
= (2 — En

— 1 = 7' fn T "

Result (3.3) is obtained by equating the coefficients of " on both sides.

Corollary 3.2. Foro =0, (3.3) reduces to the result of Belbachir, H., Djemmada,
Y. and Hadj-Brahim, S. [6].

Bu(p7.6) = gy (€28 (07 ) - Fom (o) | 600
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Theorem 3.3. If n is positive integer (n € Z\ {0}), then

n

ubnlptu,o+0v,7,8) = Z (Z) wbn(p, o, 7,&) Hp_r(u,v). (3.5)

k=0

Proof. Exploiting the generating function (2.1) by replacing p with p 4+ « and o
with o + v, we get

- " 2§+ %ﬁt (pFu)t+(o4v)t?
HZZOHﬂn(PJrU?UﬂLU,T,ﬁ)m = {m e
— ﬂ pPtot? gut+vt?

Tet + (1 —¢§)

:Z p,aTgk' Z’H uvtn‘
-3 ()Hﬁkp,mo w0

Theorem (3.3) is obtained by equating the coefficients of ¢™ on both sides.
Corollary 3.3. For v =0 and u = z, Theorem (3.3) reduces as:

n

Hﬂn(p_'_ 0,2,T, 5) = Z (Z) Hﬁ’ﬂ(loasz? g)anik' (36)

k=0

Proof. Replacing p by p 4+ o on the generating function (2.1), we have

= [ 2—E&+ 36t
;Hﬂn(P‘FU,Z,TaQE = {m

- 1
_ { 2-&+ §§t :|e(pt+zt2) oot

2
:| e(p-l—a)t-i—zt

Tel +(1-¢)
ZXZ:H/BIC paZTf) nz:%o—nf

o n n . m
:nzzog <k)Hﬁk(puzuT7§>o- km

Equating the coefficients of ¢” on both sides, we obtain (3.6).
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Corollary 3.4. In particular if we substitute 0 = —p and z=0 in equation (3.6),

we have
n

00,076 =3 () bl 7 ) (-
. (3.7)

uinir &) = S0 () usklome) o

k=0
Which are the Hermite based unified Apostol-Bernoulli- Euler numbers.
Theorem 3.4. For 7 € R, £ € Ry — {1} and n > 1, we have

Hﬁn+1(p7 o,T, 6) —p Hﬁn(pva T, g) — 2on Hﬁn*1<p70- T, é)

:2(11—5) [%"(’L f) TZ() ( §>Hﬁnk(p+1075>]

(3.8)

Proof. Using the generating function (2.1), we get

2+ 5 1 o
g - e

differentiate both sides with respect to t, we get

d & " d [ 2=6+5 ] e

im0 = i [ gl

— § 2 eﬂt+ot2 g [ 2—-&8+ %ft ] 6(ﬂ+1)t+at2 » 1
4(1=¢) T'ft ! Tet + (1 —¢) Tet + (1 —¢)

2— &+ 58t t4ot2 2_€+l£t t+ot?
“Leiﬂlis)]eﬁ 2| g

§ S T\t d g
e A e R WAL

+1

1 2
X2(1_£) LL_get—l—l +pZH5np,0'Tf +202H5np,0—7—£)

[eS) m
Z H6n+1(p7 o,T, g)_'
S n!
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7fo { wEn(p, 0, —TE:()Hﬁlkp+1aT§%%(1if>}

_n'+ ZHB” p,an +ZQUTLHﬁn 1(07075)

Comparlng the coefficients of t” on both sides, we get

1P (P, 0,7,8) = p 1 fn(p,0,7,§) = 20n gBua(p,0,7,§)

:2aig[§&(“’_f?_> TEj() ( é)m%k@+10764

Theorem 3.5. For Hermite based unified Apostol-Bernoulli-FEuler polynomials,
the implicit summing formula is valid.

n m

w0 = 3 () () o msbisnnlpone. 39

n,m=0

Proof. We rewrite the generating function (2.1) as

2—-&+ %f(t + u) p(t+u)+o (t+u)? u!
[T@(t+u) n (1 _5) e’ Z Hﬁk-l—l p,0,T, g)k}' !

k=0
2—E+38(t+u) ) th !
o(t+u)? _ —p(t+u
|:7-e(t+u) + (1 — 6) € klZ:QHﬁk—f—l p,0,T, g)k' T
multiply both sides by e****), we obtain
2 =&+ 56(t +u) 2 = £ !
z(ttu)to(ttu)® _ (z—p)(t+u) z
[mmu) +1-9]° — ¢ %Hﬁk”(p’ SRy
t + )] ul
Z HBk1(2, 0, 75 i l' Z Z HBk+1(p, 0, 7, S)k' I
k,1=0 N= k,1=0

0
applying the formula ([18], p.52(2))

io:f 'O+U an+m

N=0 n,m=0
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[e.e] tk’ ul 0 l
Z H6k+l(27077—7£)ﬂﬁ — Z (Z_p)nern‘ — Z Hﬁkﬂ p,0,T, g)k' T
k,[=0 n,m=0 k,1=0

0o k,l
LR\ (1 t* u
e Z_ Z: <n) (m) (Z — p) Hﬁk-l—l n— m(pvo- T, g)k" l'

Equating the coefficients of same powers of t and u, we get the desired result.

Corollary 3.5. For§ =2 and 7t =1, (3.9) reduces to well-known result of Pathan,
M. A. and Khan, W. A. ([16], p.688(5.12)):

k.l
aBryi(z,0,1,2) = Z (k) <l )(Z - P)HmHﬂkanfm(% 0,1,2),

n,m=0 n m
LN
aBii(z,0) = Z_O (n) (m) (2= )" yuBrii—n—m(p, o). (3.10)

Corollary 3.6. Substitute T =1 and £ = 0 in equation (3.9), we get

k,l
Hﬁk-ﬁ-l(za g, 17 O) = Z (k> ( : )(Z - p)n+mHﬁk+l—n—m(p> g, 17 0)

Ja=o\nJ \m
k,l Ek I

— E — p)ntm e A1

Hngrl(Z’ U) n,m=0 (n> (m) (Z p) H6k+l " m(p’ U) <3 )

4. General Symmetric Identities

Utilizing the generating function defined in (2.1), we drive several comprehen-
sive symmetric identities for the Hermite-based unified Apostol-Bernoulli-Euler
polynomials. These identities provide a generalized approach to understanding
the interplay between the variables and parameters within the unified class. The
theorems presented herein serve as essential tools for simplifying complex func-
tional equations and expanding the known properties of generalized Appell-type
sequences.

Theorem 4.1. The following identity is valid for all integers a > 0, b > 0 and
n>0:

n ) ) an—kbk

kZ:O Hﬁnfk(bpa b g,T, 5)Hﬁk’(ap7 ao,T, g)m

b
= uBnrlap,d’o, 7, &) uBi(bp, Vo, 7, §)m

k=0 (

(4.1)
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Proof. Let the expression of g(t), is symmetric in a and b both, then

o(t) [ (2 — &+ 3€at) (2 — & + 5¢bt)
(et + (1 =) (re” + (1 =€)

with the aid of (2.1), there are two ways we can expand g(t) into series

] [exp(abpt + a*b*at?)]?

ZHﬁn ap, %0, 7€) "Z (b, o) 2
. e (4.2)
= ; kZ:O H@n—k(apv a207 T, f)Hﬁk(bPa bQUa T, f)k‘(n—_ak)'tn

In the same way, we may demonstrate that

00 n b k
t) - ZOHﬁn(bpa b2 s 1y )(arf') %Hﬂk(apa CI,20', Tag)(];) ( )
" - 4.3
co n nfkbk
= nZ:; kX; Hﬁn—k(b/% b207 T, £)Hﬁk(a’p7 (120', T, g) htn

Comparing the equations (4.2) and (4.3), we get (4.1).

Corollary 4.1. Fort =1, £ = 2, theorem (4.1) reduces to a known result of
Pathan, M. A. and Khan, W. A. (fora=1,m =1) ([16], p.689(4.1)) :

S 4By i(bp. o) Bu(ap. a0) - =S uBy i (apra) uBy(bp.bo) L O
k:oH n—k\0P, 070 )gOlap,a”o k!(n_k)!_k:()H n—k\AP,a 0 )goE(bp, b~ 0 kz!(n—k)!'
(4.4)

Remark 4.1. By setting b=1 in (4.4), it reduces to the result given by Pathan, M.
A. and Khan, W. A. [16]:

ak n n—k

—k;)! = kZ:OHBn_k(P, U)HBk(apv a J) k!

> uBa_ilap,a’o)uBi(p, o) R(n — W= k)

k=0

Theorem 4.2. The following identity holds true for all integers a > 0, b > 0 and
n > 0:

a" kbk n bn—kak

;}Hﬁn k(bp, b2z, 7, €) By (ao, T, g)m = ;H,@nk(ap, a?z,7,€)By(bo, T,g)m.

(4.5)
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Proof. The expression of g(t) is symmetric in both a and b, and using equations
(2.1) and (1.12), we get

[ @—€&+38at) (2 — £+ 1&bt) e
9() = [( 1 (1- ) (e 1 (1 —f))]

_ 2 B 5 + iga’t abpt+a2b2zt 2 T f + %ébt abot
N ¢ Tebt ¢

Ted + (1 —¢) +(1-¢) »
00 4.6
- ZHﬁn(bp7 b2 )y Iy )(at bt)k
an— kbk
_ ZzHﬂn k(bp, 0?2, 7, &) Bi(ao, T, g)k'( —5 m
n=0 k=0
also we can write g(t) as
Sl n—k k
g(t) = #Bn—k(ap,a®z, 7, &) By(bo, T, €)k!(n—_ak)!tn- (4.7)

n=0 k=0
Comparing the equations (4.6) and (4.7), we get the identity (4.5).
Corollary 4.2. Using 7 =1, £ = 2 in equation (4.5), we obtain:

n ) bn_kak n ) an—kbk
N 1Bui(ap, a®2)By(bo) = kZ:O 1By (bp,0°2)B(a0) .

- kl(n— k)|

5. Conclusion

This paper explores Hermite based Apostol-Bernoulli-Euler polynomials, deriv-
ing implicit formulas, symmetric identities, and determinant forms. These polyno-
mials, particularly in their generalized and multi-variable forms, have shown signif-
icant potential in solving partial differential equations prevalent in mathematical
physics. By introducing special polynomials in two variables, we offer innovative
analytical tools for addressing complex physical phenomena. Our findings enhance
both the theoretical understanding and practical applications of these functions.
Future research may extend these polynomials to higher dimensions, further con-
tributing to the advancement of mathematical methods in physics and related
fields.
Additionally, extending these polynomials to the g-calculus framework using g-
exponentials could uncover new mixed functions, offering deeper insights into quan-
tum theory and its applications. The two g-exponential functions are defined re-
spectively as [10]:
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o0 pn
eg(p) = T 0<lq <1 (5.1)
n=0 q
and )
q\2/p"
n=0 q
Where

eq(p)Eq(—p) =1
The g-Hermit-based unified Apostol Bernoulli-Euler polynomials defined by the
generating function:

2— ¢+ 3¢t > i
{m] eq(pt)eg(o?t) = ;Hﬁn,q(p, 0,7, 5)[n—]q!, 0<lgl <1. (5.3)

Although we have introduced the generating functions for these g-type poly-
nomials, a deeper exploration of their unique characteristics is deferred to future
study. Investigating these properties remains a primary focus for the next stage of
this research.
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