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1. Introduction
The specialized functions of mathematical physics have experienced notable

advancement in recent years, particularly in their generalized and multi variable
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forms. Specifically, the introduction of special polynomials in two variables has
offered fresh analytical approaches for resolving extensive arrays of partial differ-
ential equations frequently encountered in physical contexts. The genesis of many
of these specialized functions and their extensions can be attributed to the chal-
lenges posed by various physical phenomena. Throughout this paper, the symbol
C,R and Z denote the sets of complex numbers, real numbers, and integers, re-
spectively.
The Bernoulli polynomials {Bn(ρ)}n≥0, originally introduced by Bernoulli, J. [3],
and the Euler polynomials {En(ρ)}n≥0, introduced by Euler, L. [9], rank among
the most vital families of special polynomials, with wide applications in mathe-
matical analysis and number theory. These are typically introduced through their
generating functions:

teρt

et − 1
=

∞∑
n=0

Bn(ρ)
tn

n!
(|t| < 2π), (1.1)

and
2eρt

et + 1
=

∞∑
n=0

En(ρ)
tn

n!
(|t| < π). (1.2)

In particular, for ρ = 0, the quantities Bn = Bn(0) and En = En(0) are called the
Bernoulli numbers and Euler numbers, respectively. These polynomials and num-
bers play significant roles in various branches of mathematics, including number
theory, combinatorics, numerical analysis, and the theory of special functions.

A natural and important generalization of the Bernoulli polynomials was in-
troduced by Apostol, T. M. [1], leading to so-called Apostol-Bernoulli polynomials
{Bn(ρ, τ)}n≥0 defined by the generating functions

teρt

τet − 1
=

∞∑
n=0

Bn(ρ, τ)
tn

n!
(|t+ lnτ | < 2π, τ ∈ C \ {0}). (1.3)

Similarly, the Apostol-Euler polynomials {En(ρ, τ)}n≥0 , introduced by Srivastava,
H. M. [1], are generated by:

2eρt

τet + 1
=

∞∑
n=0

En(ρ, τ)
tn

n!
(|t+ lnτ | < π, τ ∈ C \ {0}). (1.4)

These extensions reduce to the classical Bernoulli and Euler polynomials when
τ = 1 and have been widely studies due to their rich analytic and combinatorial
properties (see, [12])
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Luo, Q. M. and Srivastava, H. M. [11], introduced the generalized Apostol-

Bernoulli polynomials B(κ)
n (ρ, τ) of order κ ∈ C. Luo, Q. M. [13], proposed the

generalized Apostol-Euler polynomials E (κ)
n (ρ, τ) of order κ ∈ C. These polynomials

are defined as follows, respectively.

Definition 1.1. For τ ∈ C \ {0}, the generalized Apostol-Bernoulli polynomials

B(κ)
n (ρ, τ) of order κ are commonly defined using the following generating function:(

t

τet − 1

)κ

eρt =
∞∑
n=0

B(κ)
n (ρ, τ)

tn

n!
, (|t+ lnτ | < 2π; 1κ := 1), (1.5)

with
B(κ)
n (0, τ) = B(κ)

n (τ).

Which is known as Apostol-Bernoulli numbers B(κ)
n (τ) of order κ. The gen-

eralized Apostol-Euler polynomials E (κ)
n (ρ, τ) of order κ defined by the following

generating function:(
2

τet + 1

)κ

eρt =
∞∑
n=0

E (κ)
n (ρ, τ)

tn

n!
, (|t+ lnτ | < π; 1κ := 1) (1.6)

with
E (κ)
n (0, τ) = E (κ)

n (τ),

which is known as Apostol-Euler numbers of order κ.
In addition to these families Hermite polynomial {Hn(ρ)}n≥0 constitute another
important class of special polynomials. They are defined by the generating function
[18]:

e2ρt−t2 =
∞∑
n=0

Hn(ρ)
tn

n!
. (1.7)

A natural generalization was introduced by Appell, P. and Kampe de Feriet, J. [2],
through the following generating function :

eρt+σt2 =
∞∑
n=0

Hn(ρ, σ)
tn

n!
. (1.8)

In (2012), Pathan, M. A. [15] introduced the generalized Hermite-Bernoulli poly-

nomials HB(κ)
n (ρ, σ) of order κ, using following generating function:(
t

et − 1

)κ

eρt+σt2 =
∞∑
n=0

HB(κ)
n (ρ, σ)

tn

n!
, (|t+ lnτ | < 2π; 1κ := 1), (1.9)
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it is a generalization of well-known result of Dattoli, G., Lorenzutta, S. and Ce-
sarano, C. ([8], p.386 (1.6)).

t

et − 1
eρt+σt2 =

∞∑
n=0

HBn(ρ, σ)
tn

n!
. (1.10)

Also in (2014), Pathan, M. A. and Khan, W. A. [17] introduced the generalized

Hermite-Euler polynomials HE (κ)
n (ρ;σ) of order κ which are given by the following

generating function:(
2

et + 1

)κ

eρt+σt2 =
∞∑
n=0

HE (κ)
n (ρ, σ)

tn

n!
, (|t+ lnτ | < π; 1κ := 1). (1.11)

In (2021), Belbachir, H., Djemmada, Y. and Hadj-Brahim, S. [6], introduced the
unified Bernoulli-Euler polynomials of Apostol type as determined by the power
series for τ ∈ R∗

+ and ξ ∈ R+ − {1}:[
2− ξ + ξt

2

τet + (1− ξ)

]
eρt =

∞∑
n=0

Bn(ρ, τ, ξ)
tn

n!
, (1.12)

where 

∣∣∣∣ln( τ
1−ξ

+ t

)∣∣∣∣ < 2π, for 0 ≤ ξ < 1

∣∣∣∣ln( τ
ξ−1

+ t

)∣∣∣∣ < π, otherwise.

Motivated by their significance and applicability in various domains such as
number theory, combinatorics, classical and numerical analysis, and physics, nu-
merous categories of generalized Bernoulli-Euler numbers and polynomials, along
with generalized Hermite-Bernoulli and Hermite-Euler polynomials, Bell based Eu-
ler polynomials have recently garnered attention from multiple researchers (see,
[14]). We introduce in this paper, a new class of generalized Hermite based uni-
fied Apostol-Bernoulli-Euler polynomials Hβn(ρ, σ, τ, ξ). The aim of this study is
to provide a comprehensive overview of these families in a unified and generalized
manner. We establish fundamental properties and derive implicit summation for-
mulas for the Hermite based unified Apostol-Bernoulli-Euler polynomials utilizing
various analytical techniques applied to their respective generating functions.

2. Hermite based unified Apostol-Bernoulli-Euler polynomials
In this section, we introduce the Hermite based unified Apostol-Bernoulli-Euler
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polynomials and compile a table that signifies the relation of these polynomials with
certain other interesting polynomials. Furthermore, we established determinantal
representation of these polynomials.

Definition 2.1. Let τ ∈ R∗
+ and ξ ∈ R+ − {1}, the following power series defines

the Hermite based unified Apostol-Bernoulli-Euler polynomials Hβn(ρ, σ, τ, ξ):[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2 =

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!
, (2.1)



∣∣∣∣ln( τ
1−ξ

+ t

)∣∣∣∣ < 2π, for 0 ≤ ξ < 1

∣∣∣∣ln( τ
ξ−1

+ t

)∣∣∣∣ < π, otherwise.

Parameters Generating functions Polynomials

ξ = 2, τ = 1 t
et−1

eρt+σt2 =
∑∞

n=0 HBn(ρ, σ)
tn

n!

Hermit-
Bernoulli poly-
nomials

ξ = 0, τ = 1 2
et+1

eρt+σt2 =
∑∞

n=0 HEn(ρ, σ) t
n

n!

Hermite-Euler
polynomials

ξ = 2, τ =
1, σ = 0

t
et−1

eρt =
∑∞

n=0 Bn(ρ)
tn

n!
|t| < 2π

Bernoulli poly-
nomials

ξ = 0, τ =
1, σ = 0

2
et+1

eρt =
∑∞

n=0 En(ρ)
tn

n!
|t| < π

Euler polynomi-
als

ξ = 2 t
τet−1

eρt+σt2 =
∑∞

n=0 HBn(ρ, σ, τ)
tn

n!

Apostol Hermit-
Bernoulli poly-
nomials

ξ = 0 2
τet+1

eρt+σt2 =
∑∞

n=0 HEn(ρ, σ, τ) t
n

n!

Apostol
Hermite-Euler
polynomials

ξ = 2, σ = 0 t
τet−1

eρt =
∑∞

n=0 Bn(ρ, τ)
tn

n!
|t+lnτ | < 2π

Apostol-
Bernoulli poly-
nomials

ξ = 0, σ = 0 2
τet+1

eρt =
∑∞

n=0 En(ρ, τ)
tn

n!
|t+ lnτ | < π

Apostol-Euler
polynomials
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We now list particular cases obtained by assigning specific values to the param-
eters in (2.1).

Determinant representations provide an elegant matrix-based framework for
Bernoulli, Euler and Genocchi polynomials, facilitating derivation of their key
properties. This approach, initiated by Costabile, F. A. and Longo, E. [7] for
Appell polynomials, was extended Euler-Genocchi and Bernoulli-Euler variants by
Belbachir, H., Hadj-Brahim, S. and Rachidi, M. [4, 5], yielding explicit formulas
and combinatorial identities. In this section, we introduce the determinantal rep-
resentation of Hermite-based unified Apostol-Bernoulli-Euler polynomials, which
generalize some results of Belbachir, H., Djemmada, Y. and Hadj-Brahim, S. [6].

The following power series yield the Hermite-Bernoulli polynomials of Apostol
type and the Hermite-Euler polynomials of Apostol type.

t

τet − 1
eρt+σt2 =

∞∑
n=0

HBn(ρ, σ, τ)
tn

n!
(|t+ lnτ | < 2π, τ ∈ R∗

+), (2.2)

2

τet + 1
eρt+σt2 =

∞∑
n=0

HEn(ρ, σ, τ)
tn

n!
(|t+ lnτ | < π, τ ∈ R∗

+) (2.3)

suppose

D(ρ, σ, τ, t) =
t

τet − 1
eρt+σt2 × 2

τet + 1
eρt+σt2

D(ρ, σ, τ, t) =
2t

τ 2e2t − 1
e2ρt+2σt2 ,

considering the expressions on the right-hand side of equations (2.2) and (2.3), a
straightforward calculation yields

τ 2D(ρ+ 1, σ, τ, t)−D(ρ, σ, τ, t)

=
∞∑
n=0

n∑
k=0

(
n

k

)
[τ 2HBn−k(ρ+ 1, σ, τ)HEk(ρ+ 1, σ, τ)− HBn−k(ρ, σ, τ)HEk(ρ, σ, τ)]

tn

n!
.

(2.4)
On the other hand, we have

τ 2D(ρ+ 1, σ, τ, t)−D(ρ, σ, τ, t)

= τ 2
2t

τ 2e2t − 1
e2(ρ+1)t+2σt2 − 2t

τ 2e2t − 1
e2ρt+2σt2

τ 2D(ρ+ 1, σ, τ, t)−D(ρ, σ, τ, t) = 2
∞∑
n=1

nHn−1(2ρ, 2σ)
tn

n!
. (2.5)
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By comparing the two equations (2.4) and (2.5), we formulate the next result.

Theorem 2.1. Let ρ, σ are real numbers (ρ, σ ∈ R), and n an integer (n ∈ Z).
Then

Hn(ρ, σ) =
n+1∑
k=0

ωn,k × ηn+1−k,k(ρ, σ, τ), (2.6)

where

ωn,k =
1

2n−k+1(n+ 1)

(
n+ 1

k

)
and ηn,k(ρ, σ, τ) =

∣∣∣∣τHBn(ρ+ 1, σ, τ) HEk(ρ, σ, τ)
HBn(ρ, σ, τ) τHEk(ρ+ 1, σ, τ)

∣∣∣∣.
Specifically, if we choose τ = 1 in equation (2.6), we obtain the following result in
terms of Hermite-Bernoulli and the Hermite-Euler polynomials.

Corollary 2.7. Let ρ, σ be real numbers and n≥0, we have

Hn(ρ, σ) =
1

(n+ 1)

n+1∑
k=0

1

2n−k+1

(
n+ 1

k

) ∣∣∣∣HBn−(k−1)(ρ+ 1, σ) HEk(ρ, σ)
HBn−(k−1)(ρ, σ) HEk(ρ+ 1, σ)

∣∣∣∣ .
(2.7)

Corollary 2.2. For σ = 0, (2.6) reduces to the well-known result of Belbachir, H.,
Djemmada, Y. and Hadj-Brahim, S. (see [6], p.2(3)):

ρn =
n+1∑
k=0

ωn,k × ηn+1−k,k(ρ, τ)

ρn =
1

2n+1(n+ 1)

n+1∑
k=0

(
n+ 1

k

) ∣∣∣∣Bn−(k−1)(ρ+ 1, τ) Ek(ρ, τ)
Bn−(k−1)(ρ, τ) Ek(ρ+ 1, τ)

∣∣∣∣ .
3. Some Explicit Formulas

In this section, we present multiple explicit representations for the Hermit-
based unified Apostol-Bernoulli-Euler polynomials. These formulas provide a direct
means of computing the polynomials without relaying solely on recursive relations
or generating function. Furthermore, these explicit results serve as the foundation
for exploring further identities and analytical properties within the broader frame-
work of hybrid polynomial sets.

Theorem 3.1. Let n ≥ 0 and ξ ̸= 1, we have

Hβn(ρ, σ, τ, ξ) =
1

(1− ξ)

[(
1− ξ

2

)
HEn

(
ρ, σ,

τ

1− ξ

)
− ξ

2
HBn

(
ρ, σ,

τ

ξ − 1

)]
.

(3.1)
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Proof. Using the generating function (2.1), we have

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!
=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2

=
2− ξ

2(1− ξ)

[
2

τet

1−ξ
+ 1

]
eρt+σt2 +

ξ

2(ξ − 1)

[
t

τet

ξ−1
− 1

]
eρt+σt2

=
1

(1− ξ)

∞∑
n=0

[(
1− ξ

2

)
HEn

(
ρ, σ,

τ

1− ξ

)
− ξ

2
HBn

(
ρ, σ,

τ

ξ − 1

)]
tn

n!
.

Theorem (3.1), is obtained by equating the coefficients of tn on both sides.

Corollary 3.1. For σ = 0, (3.1) reduces to a result of Belbachir, H., Djemmada,
Y. and Hadj-Brahim, S. [6].

Bn(ρ, τ, ξ) =
1

(1− ξ)

[(
1− ξ

2

)
En

(
ρ,

τ

1− ξ

)
− ξ

2
Bn

(
ρ,

τ

ξ − 1

)]
. (3.2)

Theorem 3.2. For τ ∈ R∗
+ and ξ ̸= 1, it holds that

Hβn(ρ, σ, τ, ξ) =
1

2(1− ξ)

[
(2− ξ)HEn

(
ρ, σ,

τ

1− ξ

)
+

nξ

2
HEn−1

(
ρ, σ,

τ

1− ξ

)]
.

(3.3)
Proof. Using the generating function (2.1), we get

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!
=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2

=
2− ξ

2(1− ξ)

[
2

τet

1−ξ
+ 1

]
eρt+σt2 +

ξt

4(1− ξ)

[
2

τet

1−ξ
+ 1

]
eρt+σt2

=
1

2(1− ξ)

[
(2− ξ)

∞∑
n=0

HEn
(
ρ, σ,

τ

1− ξ

)
tn

n!
+

ξ

2

∞∑
n=0

HEn
(
ρ, σ,

τ

1− ξ

)
tn+1

n!

]

=
1

2(1− ξ)

∞∑
n=1

[
(2− ξ) HEn

(
ρ, σ,

τ

1− ξ

)
+

ξn

2
HEn−1

(
ρ, σ,

τ

1− ξ

)]
tn

n!
.

Result (3.3) is obtained by equating the coefficients of tn on both sides.

Corollary 3.2. For σ = 0, (3.3) reduces to the result of Belbachir, H., Djemmada,
Y. and Hadj-Brahim, S. [6].

Bn(ρ, τ, ξ) =
1

2(ξ − 1)

[
(ξ − 2)En

(
ρ,

τ

1− ξ

)
− ξn

2
En−1

(
ρ,

τ

1− ξ

)]
. (3.4)
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Theorem 3.3. If n is positive integer (n ∈ Z \ {0}), then

Hβn(ρ+ u, σ + v, τ, ξ) =
n∑

k=0

(
n

k

)
Hβn(ρ, σ, τ, ξ) Hn−k(u, v). (3.5)

Proof. Exploiting the generating function (2.1) by replacing ρ with ρ + u and σ
with σ + v, we get

∞∑
n=0

Hβn(ρ+ u, σ + v, τ, ξ)
tn

n!
=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
e(ρ+u)t+(σ+v)t2

=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2eut+vt2

=
∞∑
k=0

Hβk(ρ, σ, τ, ξ)
tk

k!

∞∑
n=0

Hn(u, v)
tn

n!

=
∞∑
n=0

n∑
k=0

(
n

k

)
Hβk(ρ, σ, τ, ξ)Hn−k(u, v)

tn

n!
.

Theorem (3.3) is obtained by equating the coefficients of tn on both sides.

Corollary 3.3. For v = 0 and u = z, Theorem (3.3) reduces as:

Hβn(ρ+ σ, z, τ, ξ) =
n∑

k=0

(
n

k

)
Hβk(ρ, z, τ, ξ)σ

n−k. (3.6)

Proof. Replacing ρ by ρ+ σ on the generating function (2.1), we have

∞∑
n=0

Hβn(ρ+ σ, z, τ, ξ)
tn

n!
=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
e(ρ+σ)t+zt2

=

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
e(ρt+zt2) eσt

=
∞∑
k=0

Hβk(ρ, z, τ, ξ)
∞∑
n=0

σntn

n!

=
∞∑
n=0

n∑
k=0

(
n

k

)
Hβk(ρ, z, τ, ξ)σ

n−k t
n

n!
.

Equating the coefficients of tn on both sides, we obtain (3.6).
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Corollary 3.4. In particular if we substitute σ = −ρ and z=0 in equation (3.6),
we have

Hβn(0, 0, τ, ξ) =
n∑

k=0

(
n

k

)
Hβk(ρ, τ, ξ)(−ρ)n−k

Hβn(τ, ξ) =
n∑

k=0

(−1)n−k

(
n

k

)
Hβk(ρ, τ, ξ) ρn−k.

(3.7)

Which are the Hermite based unified Apostol-Bernoulli-Euler numbers.

Theorem 3.4. For τ ∈ R∗
+, ξ ∈ R+ − {1} and n ≥ 1, we have

Hβn+1(ρ, σ, τ, ξ)− ρ Hβn(ρ, σ, τ, ξ)− 2σn Hβn−1(ρ, σ, τ, ξ)

=
1

2(1− ξ)

[
ξ

2
En

(
ρ, σ,

τ

(1− ξ)

)
− τ

∞∑
k=0

(
n

k

)
Ek

(
τ

1− ξ

)
Hβn−k(ρ+ 1, σ, τ, ξ)

]
.

(3.8)
Proof. Using the generating function (2.1), we get[

2− ξ + ξt
2

τet + (1− ξ)

]
eρt+σt2 =

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!

differentiate both sides with respect to t, we get

d

dt

∞∑
n=0

βn(ρ, σ, τ, ξ)
tn

n!
=

d

dt

{[
2− ξ + ξt

2

τet + (1− ξ)

]
eρt+σt2

}

=
ξ

4(1− ξ)

[
2

τet

1−ξ
+ 1

]
eρt+σt2 − τ

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
e(ρ+1)t+σt2 × 1

τet + (1− ξ)

+ ρ

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2 + 2σt

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eρt+σt2

=
ξ

4(1− ξ)

∞∑
n=0

HEn
(
ρ, σ,

τ

1− ξ

)
tn

n!
− τ

∞∑
n=0

Hβn(ρ+ 1, σ, τ, ξ)
tn

n!

× 1

2(1− ξ)

[
2

τ
1−ξ

et + 1

]
+ ρ

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!
+ 2σ

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn+1

n!

∞∑
n=0

Hβn+1(ρ, σ, τ, ξ)
tn

n!
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=
∞∑
n=0

1

2(1− ξ)

{
ξ

2
HEn(ρ, σ,

τ

1− ξ
)− τ

n∑
k=0

(
n

k

)
Hβn−k(ρ+ 1, σ, τ, ξ)Ek

(
τ

1− ξ

)}
tn

n!
+ ρ

∞∑
n=0

Hβn(ρ, σ, τ, ξ)
tn

n!
+

∞∑
n=1

2σnHβn−1(ρ, σ, τ, ξ)
tn

n!
.

Comparing the coefficients of tn on both sides, we get

Hβn+1(ρ, σ, τ, ξ)− ρ Hβn(ρ, σ, τ, ξ)− 2σn Hβn−1(ρ, σ, τ, ξ)

=
1

2(1− ξ)

[
ξ

2
En

(
ρ, σ,

τ

(1− ξ)

)
− τ

n∑
k=0

(
n

k

)
Ek

(
τ

1− ξ

)
Hβn−k(ρ+ 1, σ, τ, ξ)

]
.

Theorem 3.5. For Hermite based unified Apostol-Bernoulli-Euler polynomials,
the implicit summing formula is valid.

Hβk+l(z, σ, τ, ξ) =

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

Hβk+l−n−m(ρ, σ, τ, ξ). (3.9)

Proof. We rewrite the generating function (2.1) as:[
2− ξ + 1

2
ξ(t+ u)

τe(t+u) + (1− ξ)

]
eρ(t+u)+σ(t+u)2 =

∞∑
k,l=0

Hβk+l(ρ, σ, τ, ξ)
tk

k!

ul

l!

[
2− ξ + 1

2
ξ(t+ u)

τe(t+u) + (1− ξ)

]
eσ(t+u)2 = e−ρ(t+u)

∞∑
k,l=0

Hβk+l(ρ, σ, τ, ξ)
tk

k!

ul

l!

multiply both sides by ez(t+u), we obtain[
2− ξ + 1

2
ξ(t+ u)

τe(t+u) + (1− ξ)

]
ez(t+u)+σ(t+u)2 = e(z−ρ)(t+u)

∞∑
k,l=0

Hβk+l(ρ, σ, τ, ξ)
tk

k!

ul

l!

∞∑
k,l=0

Hβk+l(z, σ, τ, ξ)
tk

k!

ul

l!
=

∞∑
N=0

[(z − ρ)(t+ u)]N

N !

∞∑
k,l=0

Hβk+l(ρ, σ, τ, ξ)
tk

k!

ul

l!

applying the formula ([18], p.52(2))

∞∑
N=0

f(N)
(ρ+ σ)N

N !
=

∞∑
n,m=0

f(n+m)
ρn

n!

σm

m!
.
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∞∑
k,l=0

Hβk+l(z, σ, τ, ξ)
tk

k!

ul

l!
=

∞∑
n,m=0

(z − ρ)n+m tn

n!

um

m!

∞∑
k,l=0

Hβk+l(ρ, σ, τ, ξ)
tk

k!

ul

l!

=
∞∑

k,l=0

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

Hβk+l−n−m(ρ, σ, τ, ξ)
tk

k!

ul

l!
.

Equating the coefficients of same powers of t and u, we get the desired result.

Corollary 3.5. For ξ = 2 and τ = 1, (3.9) reduces to well-known result of Pathan,
M. A. and Khan, W. A. ([16], p.688(3.12)):

Hβk+l(z, σ, 1, 2) =

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

Hβk+l−n−m(ρ, σ, 1, 2),

HBk+l(z, σ) =

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

HBk+l−n−m(ρ, σ). (3.10)

Corollary 3.6. Substitute τ = 1 and ξ = 0 in equation (3.9), we get

Hβk+l(z, σ, 1, 0) =

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

Hβk+l−n−m(ρ, σ, 1, 0)

HEk+l(z, σ) =

k,l∑
n,m=0

(
k

n

)(
l

m

)
(z − ρ)n+m

HEk+l−n−m(ρ, σ) (3.11)

4. General Symmetric Identities
Utilizing the generating function defined in (2.1), we drive several comprehen-

sive symmetric identities for the Hermite-based unified Apostol-Bernoulli-Euler
polynomials. These identities provide a generalized approach to understanding
the interplay between the variables and parameters within the unified class. The
theorems presented herein serve as essential tools for simplifying complex func-
tional equations and expanding the known properties of generalized Appell-type
sequences.

Theorem 4.1. The following identity is valid for all integers a > 0, b > 0 and
n ≥ 0:

n∑
k=0

Hβn−k(bρ, b
2σ, τ, ξ)Hβk(aρ, a

2σ, τ, ξ)
an−kbk

k!(n− k)!

=
n∑

k=0

Hβn−k(aρ, a
2σ, τ, ξ)Hβk(bρ, b

2σ, τ, ξ)
bn−kak

k!(n− k)!
.

(4.1)
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Proof. Let the expression of g(t), is symmetric in a and b both, then

g(t) =

[
(2− ξ + 1

2
ξat)(2− ξ + 1

2
ξbt)

(τeat + (1− ξ))(τebt + (1− ξ))

]
[exp(abρt+ a2b2σt2)]2

with the aid of (2.1), there are two ways we can expand g(t) into series

g(t) =
∞∑
n=0

Hβn(aρ, a
2σ, τ, ξ)

(bt)n

n!

∞∑
k=0

Hβk(bρ, b
2σ, τ, ξ)

(at)k

k!

=
∞∑
n=0

n∑
k=0

Hβn−k(aρ, a
2σ, τ, ξ)Hβk(bρ, b

2σ, τ, ξ)
bn−kak

k!(n− k)!
tn.

(4.2)

In the same way, we may demonstrate that

g(t) =
∞∑
n=0

Hβn(bρ, b
2σ, τ, ξ)

(at)n

n!

∞∑
k=0

Hβk(aρ, a
2σ, τ, ξ)

(bt)k

k!

=
∞∑
n=0

n∑
k=0

Hβn−k(bρ, b
2σ, τ, ξ)Hβk(aρ, a

2σ, τ, ξ)
an−kbk

k!(n− k)!
tn.

(4.3)

Comparing the equations (4.2) and (4.3), we get (4.1).

Corollary 4.1. For τ = 1 , ξ = 2, theorem (4.1) reduces to a known result of
Pathan, M. A. and Khan, W. A. (for α = 1,m = 1) ([16], p.689(4.1)) :

n∑
k=0

HBn−k(bρ, b
2σ)HBk(aρ, a

2σ)
an−kbk

k!(n− k)!
=

n∑
k=0

HBn−k(aρ, a
2σ)HBk(bρ, b

2σ)
bn−kak

k!(n− k)!
.

(4.4)

Remark 4.1. By setting b=1 in (4.4), it reduces to the result given by Pathan, M.
A. and Khan, W. A. [16]:

n∑
k=0

HBn−k(aρ, a
2σ)HBk(ρ, σ)

ak

k!(n− k)!
=

n∑
k=0

HBn−k(ρ, σ)HBk(aρ, a
2σ)

an−k

k!(n− k)!
.

Theorem 4.2. The following identity holds true for all integers a > 0, b > 0 and
n ≥ 0:

n∑
k=0

Hβn−k(bρ, b
2z, τ, ξ)Bk(aσ, τ, ξ)

an−kbk

k!(n− k)!
=

n∑
k=0

Hβn−k(aρ, a
2z, τ, ξ)Bk(bσ, τ, ξ)

bn−kak

k!(n− k)!
.

(4.5)



122 South East Asian J. of Mathematics and Mathematical Sciences

Proof. The expression of g(t) is symmetric in both a and b, and using equations
(2.1) and (1.12), we get

g(t) =

[
(2− ξ + 1

2
ξat)(2− ξ + 1

2
ξbt)

(τeat + (1− ξ))(τebt + (1− ξ))

]
eab(ρ+σ)t+a2b2zt

=

[
2− ξ + 1

2
ξat

τeat + (1− ξ)

]
eabρt+a2b2zt

[
2− ξ + 1

2
ξbt

τebt + (1− ξ)

]
eabσt

=
∞∑
n=0

Hβn(bρ, b
2z, τ, ξ)

(at)n

n!

∞∑
k=0

Bk(aσ, τ, ξ)
(bt)k

k!

=
∞∑
n=0

n∑
k=0

Hβn−k(bρ, b
2z, τ, ξ)Bk(aσ, τ, ξ)

an−kbk

k!(n− k)!
tn

(4.6)

also we can write g(t) as

g(t) =
∞∑
n=0

n∑
k=0

Hβn−k(aρ, a
2z, τ, ξ)Bk(bσ, τ, ξ)

bn−kak

k!(n− k)!
tn. (4.7)

Comparing the equations (4.6) and (4.7), we get the identity (4.5).

Corollary 4.2. Using τ = 1, ξ = 2 in equation (4.5), we obtain:

n∑
k=0

HBn−k(aρ, a
2z)Bk(bσ)

bn−kak

k!(n− k)!
=

n∑
k=0

HBn−k(bρ, b
2z)Bk(aσ)

an−kbk

k!(n− k)!
.

5. Conclusion
This paper explores Hermite based Apostol-Bernoulli-Euler polynomials, deriv-

ing implicit formulas, symmetric identities, and determinant forms. These polyno-
mials, particularly in their generalized and multi-variable forms, have shown signif-
icant potential in solving partial differential equations prevalent in mathematical
physics. By introducing special polynomials in two variables, we offer innovative
analytical tools for addressing complex physical phenomena. Our findings enhance
both the theoretical understanding and practical applications of these functions.
Future research may extend these polynomials to higher dimensions, further con-
tributing to the advancement of mathematical methods in physics and related
fields.
Additionally, extending these polynomials to the q-calculus framework using q-
exponentials could uncover new mixed functions, offering deeper insights into quan-
tum theory and its applications. The two q-exponential functions are defined re-
spectively as [10]:
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eq(ρ) =
∞∑
n=0

ρn

[n]q!
, 0 < |q| < 1 (5.1)

and

Eq(ρ) =
∞∑
n=0

q(
n
2)ρn

[n]q!
, 0 < |q| < 1. (5.2)

Where
eq(ρ)Eq(−ρ) = 1

The q-Hermit-based unified Apostol Bernoulli-Euler polynomials defined by the
generating function:

[
2− ξ + 1

2
ξt

τet + (1− ξ)

]
eq(ρt)eq(σ

2t) =
∞∑
n=0

Hβn,q(ρ, σ, τ, ξ)
tn

[n]q!
, 0 < |q| < 1. (5.3)

Although we have introduced the generating functions for these q-type poly-
nomials, a deeper exploration of their unique characteristics is deferred to future
study. Investigating these properties remains a primary focus for the next stage of
this research.
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